Abstract. A quasitoric manifold is a 2n-dimensional compact smooth manifold with a locally standard action of an n-dimensional torus whose orbit space is a simple polytope. In this article, we classify quasitoric manifolds with the second Betti number β 2 = 2 topologically. Interestingly, they are distinguished by their cohomology rings up to homeomorphism.
Introduction
The notion of a quasitoric manifold was introduced by Davis and Januszkiewicz [DJ91] . A quasitoric manifold M is a 2n-dimensional compact smooth manifold with a locally standard action of an n-dimensional torus T n = (S 1 ) n , whose orbit space can be identified with an n-dimensional simple polytope P . Here, the orbit map π : M → P maps every k-dimensional orbit to a point in the interior of a codimension-k face of P for k = 0, . . . , n. A typical example of a quasitoric manifold is a complex projective space CP n of complex dimension n with the standard T n -action whose orbit space is the n-simplex ∆ n . A quasitoric manifold is a topological analogue of a non-singular projective toric variety. A toric variety X of complex dimension n is a normal algebraic variety which admits an action of an algebraic torus (C * ) n having a dense orbit. We call a non-singular compact toric variety a toric manifold. Note that we have the restricted action of T n = (S 1 ) n ⊂ (C * ) n on a toric manifold X. One can easily show that this action is locally standard, and if X is projective, then there is a moment map whose image is a simple convex polytope. Hence, all projective toric manifolds are quasitoric manifolds. However, the converse is not always true. For instance, CP 2 ♯CP 2 with an appropriate T 2 -action is a quasitoric manifold over ∆ 1 × ∆ 1 but not a toric manifold, because there is no almost complex structure on CP 2 #CP 2 . Therefore, the notion of a quasitoric manifold can be regarded as a topological generalization of that of a projective toric manifold in algebraic geometry. We shall investigate quasitoric manifolds M with the second Betti number β 2 = 2. As will be remarked in Section 3, the orbit space of M can be identified with a product of two simplices. The classification of projective toric manifolds with β 2 = 2 as varieties was completed by Kleinschmidt [Kle88] . More generally, toric manifolds over a product of simplices were studied by Dobrinskaya [Dob01] and Choi-MasudaSuh [CMS10a] . These toric manifolds are known as generalized Bott manifolds. In particular, toric manifolds with β 2 = 2 are two-stage generalized Bott manifolds, which will be explained in Section 3. It is shown in [CMS10b] that all two-stage generalized Bott manifolds are classified by their cohomology rings, which gives the smooth classification of toric manifolds with β 2 = 2.
The purpose of this paper is to classify quasitoric manifolds with β 2 = 2 up to homeomorphism. For this, we show that if the cohomology ring of a quasitoric manifold is isomorphic to that of a two-stage generalized Bott manifold, then the quasitoric manifold is homeomorphic to a two-stage generalized Bott manifold. We also show that for a polytope which is the product of two simplices there are only finitely many quasitoric manifolds over the polytope, which are not homeomorphic to generalized Bott manifolds. As we will see in the paragraph after (3.1) on page 6, any quasitoric manifold with β 2 = 2 can be written as M a,b for some a ∈ Z m and b ∈ Z n , where the orbit space of M a,b is ∆ n × ∆ m . Then we have the following topological classification. where the number of nonzero components in s, respectively r, is less than or equal to ⌊ m+1 2 ⌋, respectively ⌊ n+1 2 ⌋. Moreover, if n or m is 1, then M s,r is a two-stage generalized Bott manifold, or CP m+n #CP m+n , or M 2,(1,0,...,0) .
More precise classification results are summarized in Section 8. Note that there is an interesting quasitoric manifold over ∆ n × ∆ 1 which is homeomorphic to a generalized Bott manifold, but has no T n+1 -invariant almost complex structure; namely, M 2,(1,0) is such a quasitoric manifold that is homeomorphic to a generalized Bott manifold M 2,(0,0) , as we will see in Lemma 5.4.
Furthermore, we can show that M a,b and M a ′ ,b ′ with M a,b /T and M a ′ ,b ′ /T combinatorially equivalent to ∆ n × ∆ m are homeomorphic if and only if their cohomology rings are isomorphic as graded rings. In addition, the combinatorial types of certain polytopes are completely determined by the cohomology rings of quasitoric manifolds over those polytopes, see [CPS08] . Products of simplices belong to the class of polytopes that have this property. That is, for a quasitoric manifold M, if the cohomology ring of M is isomorphic to that of M a,b , then the orbit space of M is combinatorially equivalent to the orbit space of M a,b .
As a consequence, we have the following main theorem of this paper, which does not include any assumption on the type of the base polytope: Theorem 1.2. Two quasitoric manifolds with β 2 = 2 are homeomorphic if and only if their cohomology rings are isomorphic as graded rings. This research is motivated by the cohomological rigidity problem for quasitoric manifolds which asks whether the homeomorphism types of quasitoric manifolds are distinguished by their cohomology rings or not, see [MS] for the problem and other related problems. In general, the cohomological rigidity problem is rather bold because the cohomology ring as an invariant is not sufficient to determine topological types of manifolds. Indeed, many classical results such as [Hsi66] provide many examples of pairs of manifolds which are homotopic but not homeomorphic. However, many 2n-dimensional manifolds do not have T n -symmetry, and, so far, there is no counterexample for the cohomological rigidity problem. On the contrary, some affirmative partial evidence is given by recent papers such as [MP08] , [CMS10b] , [CS09] , [CM09] and others. Theorem 1.2 also gives another affirmative partial answer to the rigidity problem. For more information about rigidity problem, we refer the reader to the survey paper [CMS11] .
This paper is organized as follows. In Section 2, we recall general facts on quasitoric manifolds and moment angle manifolds. In Section 3, we introduce generalized Bott manifolds, and deal with the cohomology rings of quasitoric manifolds with β 2 = 2. We find a necessary and sufficient condition for a quasitoric manifold to be equivalent to a generalized Bott manifold in some specific cases in Section 4. In Sections 5 and 6, we prove Theorem 1.1, and prepare to prove Theorem 1.2 by classifying quasitoric manifolds M a,b and M s,r up to homeomorphism. In Section 7, we give a full proof of Theorem 1.2. In the final section, we give the complete topological classification of quasitoric manifolds with β 2 = 2.
Preliminaries
An n-dimensional (combinatorial) polytope is called simple if exactly n facets (codimension-one face) meet at each vertex. Let P be a simple polytope of dimensionn with d facets, and let F (P ) = {F 1 , . . . , F d } be the set of facets of P . Now consider a map λ : F (P ) → Z n which satisfies the following non-singularity condition;
Such λ is called a characteristic function, and λ(F i ) is called a facet vector of F i . For a characteristic function λ : F (P ) → Z n and a face F of P , we denote by T (F ) the subgroup of T n corresponding to the unimodular subspace of Z n spanned by λ (F i 1 ) , . . . , λ(F iα ), where
Given a characteristic function λ on P , we construct a manifold
where (t, p) ∼ (s, q) if and only if p = q and t −1 s ∈ T (F (p)), where F (p) is the face of P which contains p ∈ P in its relative interior. The standard T n -action on T n induces a free action of T n on T n × P , which descends to an effective action on M(λ) whose orbit space is P . Since this action is locally standard, M(λ) is indeed a quasitoric manifold over P .
Two quasitoric manifolds M 1 and M 2 over P are said to be equivalent if there is a θ-equivariant homeomorphism f : M 1 → M 2 , i.e. f (gm) = θ(g)f (m) for g ∈ T n and m ∈ M 1 , which covers the identity map on P for some automorphism θ of T n . It is obvious from the definition of the equivalence that M(λ 1 ) and M(λ 2 ) are equivalent if there is an automorphism σ ∈ Aut(Z n ) = GL(Z, n) such that λ 1 = σ • λ 2 . By Davis and Januszkiewicz [DJ91] , every quasitoric manifold is represented by a pair of P and λ up to equivalence.
Note that one may assign an n × d matrix Λ to a characteristic function λ by
where A is an n×n matrix and B is an n×(d−n) matrix. We call Λ a characteristic matrix. By additionally setting F 1 ∩· · ·∩F n = ∅, we may assume that the matrix A = (λ(F 1 ), . . . , λ(F n )) is invertible from the nonsingularity condition (2.1). Moreover, the inverse A −1 belongs to GL(Z, n). Thus, up to equivalence, the corresponding matrix Λ can be represented by (E n |A −1 B), where E n is the identity matrix of size n.
Remark 2.1. Let Λ be the above characteristic matrix corresponding to a quasitoric manifold M. If we let
be the diagonal n × n matrix whose k-th diagonal entry is −1 and the others are 1, then the matrix D k,n ΛD ℓ,d is the matrix obtained from Λ by changing the signs of k-th row and ℓ-th column, where 1 ≤ k ≤ n and 1 ≤ ℓ ≤ d. Since two vectors λ(F i ) and −λ(F i ) determine the same circle subgroup of T n , the sign of a facet vector does not affect the corresponding quasitoric manifold from the construction (2.2). Thus ΛD ℓ,d is still a characteristic matrix corresponding to M. Hence D k,n ΛD ℓ,d can also be a characteristic matrix corresponding to M, up to equivalence, because D k,n ∈ GL(Z, n).
We identify each F i ∈ F (P ) with the indeterminate v i . The face ring (or StanleyReisner ring) Z(P ) of P is the quotient ring
where I P is the ideal generated by the monomials
Let M be a quasitoric manifold over P with projection π : M → P and the characteristic function λ. Then one can find an isomorphism between Z(P ) and the equivariant cohomology ring of M with Z coefficients:
where v j is the equivariant Poincaré dual of the codimension two invariant sub- 
T ∈ Z n for i = 1, . . . , n. Since everything has vanishing odd degrees,
is the ideal J λ of Z(P ) generated by θ 1 , . . . , θ n . Therefore, we have
See [DJ91] for more details of the previous argument. Let P be an n-dimensional simple polytope with d facets. Davis and Januszkiewicz [DJ91] constructed a T d -manifold Z P that is now called the moment angle manifold of P . Let F (P ) = {F 1 , . . . , F d } be the set of facets of P . For each facet F i let T F i denote the one-dimensional coordinate subgroup of T F (P ) ∼ = T d corresponding to F i . We assign to every face F = F i 1 ∩ · · · ∩ F i ℓ the coordinate subtorus
Then the moment angle manifold of P can be constructed as follows:
where (t 1 , p) ∼ (t 2 , q) if and only if p = q and
. From the definition of Z P , we can see easily that Z P 1 ×P 2 = Z P 1 × Z P 2 for any simple polytopes P 1 and P 2 .
Example 2.2. It is not so hard to see that the moment angle manifold Z ∆ n of an n-simplex is homeomorphic to a sphere S 2n+1 , and, hence,
Let us fix a characteristic function λ on P , and let M(λ) be the quasitoric manifold as constructed in (2.2). Note that there is a natural identification
. . , t a k )) for any positive integer k. Hence the characteristic matrix Λ corresponding to λ induces a surjective homomorphism λ :
, where e i is the standard i-th basis vector of
From the non-singularity condition (2.1), ker(λ) meets every isotropy subgroup at the unit. Thus ker(λ) acts freely on Z P , and the map (λ, id) :
We thus have the following proposition.
Proposition 2.3. [BP02, Proposition 6.5] The subtorus ker(λ) acts freely on Z P , thereby defining a principal
Let M(λ 1 ) and M(λ 2 ) be two quasitoric manifolds over a simple polytope P . If a self map ϕ of the moment angle manifold Z P is θ-equivariant, i.e. there exists an isomorphism θ : ker(λ 1 ) → ker(λ 2 ) such that ϕ(t · x) = θ(t) · ϕ(x) for all t ∈ ker(λ 1 ) and x ∈ Z P , then there is a natural induced map ϕ from M(λ 1 ) to M(λ 2 ):
Thus if we construct a θ-equivariant homeomorphism ϕ from the moment angle manifold Z P to itself, then the induced map ϕ is a homeomorphism from M(λ 1 ) to M(λ 2 ).
3. Quasitoric manifolds with β 2 = 2
The main interest of the present paper is focused on quasitoric manifolds with the second Betti number β 2 = 2. Let P be an ℓ-dimensional simple polytope with d facets, and let M be a quasitoric manifold over P with the characteristic function λ. Since J λ consists of ℓ linear combinations of v 1 , . . . , v d and I P does not contain a linear combination in (2.3), we can see that the second Betti number of M is d − ℓ. Thus if P supports a quasitoric manifold with β 2 = 2, then it has exactly ℓ + 2 facets, and hence P is combinatorially equivalent to a product of two simplices as is well-known, see chapter 6 in [Gru03] . Therefore we may assume that
, where F i 's are the facets of ∆ n and G j 's are the facets of ∆ m . Then the first (n + m) facets meet at a vertex. Thus, by Remark 2.1, the characteristic matrix Λ corresponding to M is of the form
up to equivalence, where 1 − a j b i = ±1 for i = 1, . . . , n and j = 1, . . . , m because of the non-singularity condition (2.1) of the characteristic function. From now on we denote such M by M a,b for a = (a 1 , . . . , a m ) and b = (b 1 , . . . , b n ). Hence, from (2.3), the cohomology ring of M a,b with Z coefficients is
A (complex) generalized Bott tower of height h, or an h-stage generalized Bott tower, is a sequence
, where ξ i,j is a complex line bundle, C is the trivial complex line bundle over B i−1 for each i = 1, . . . , h, and P (·) stands for the projectivization. We call B i the i-stage generalized Bott manifold.
Note that the Whitney sum of ℓ complex line bundles admits a canonical T ℓ -action. Assume B j−1 admits an effective T j−1 k=1 ℓ k -action. Since H 1 (B j−1 ) = 0, it lifts to an action on ξ i , see [HY76] . Moreover, it commutes with the canonical T ℓ iaction on ξ i , and hence, it induces an effective T j k=1 ℓ k -action on B j . Thus, we can define an effective half-dimensional torus action on B h inductively. One can show that this action is locally standard and its orbit space is a product of h simplices
Thus a two-stage generalized Bott manifold is a quasitoric manifold over P = ∆ ℓ 1 × ∆ ℓ 2 and has β 2 = 2.
Remark 3.1. In fact, a generalized Bott manifold is not only a quasitoric manifold but also a (projective) toric manifold. Note that all toric manifolds admit T ninvariant complex structures. Hence, by [CMS10a, Theorem 6 .4], all toric manifolds over a product of simplices are generalized Bott manifolds.
We already know a necessary and sufficient condition for a quasitoric manifold M to be equivalent to a generalized Bott manifold by the following proposition.
, and let Λ * be an h × h vector matrix associated with M.
1 Then M is equivalent to a generalized Bott manifold if and only if Λ * is conjugate to an h × h lower triangular vector matrix.
Moreover, the following theorem gives a smooth classification of two-stage generalized Bott manifolds.
, where u 0 = u ′ 0 = 0 and γ u i denotes the complex line bundle over B 1 = CP n whose first Chern class is u i ∈ H 2 (B 1 ). Then the following are equivalent.
(1) There exists ǫ = ±1 and w ∈ H 2 (B 1 ) such that
2 ) are isomorphic as graded rings. When a quasitoric manifold M is equivalent to a two-stage generalized Bott manifold, we may assume that M = M a,0 . In this case, M is a CP m -bundle over CP n , and H * (M a,0 ) is of the form
If a quasitoric manifold M with β 2 = 2 is not equivalent to a generalized Bott manifold, then we may assume that M = M a,b for some nonzero vectors a and b by Proposition 3.2. Then a j b i = 2 for some i and j. Without loss of generality, we may assume that a j is 0 or ±2 and b i is 0 or ±1. Note that the signs of nonzero a j 's and b i 's are the same and, by Remark 2.1, M a,b is equivalent to M −a,−b .
2 Hence, we may assume that the nonzero a j is 2, and the nonzero b i is 1. Now let s be the number of a j = 2 for j = 1, . . . , m and r the number of b i = 1 for i = 1, . . . , n. Then, the cohomology ring of M a,b is isomorphic to
Then Λ * can be viewed as an h × h vector matrix whose entries in the i-th row are vectors in Z ℓi . A more precise description of (a transpose version of) Λ * is explained on page 114 in [CMS10a] .
2 We can see easily by the following steps; 1) change the signs of the first n row vectors of the characteristic matrix (3.1), 2) change the signs of the first n column vectors and the (n + m + 2)-nd of the resulting matrix. Then we can obtain the characteristic matrix corresponding to M −a,−b .
for some 1 ≤ r ≤ n and 1 ≤ s ≤ m.
We close this section by giving another construction of quasitoric manifolds over ∆ n × ∆ m from the moment angle manifold Z ∆ n ×∆ m .
Remark 3.4. Note that the moment angle manifold Z ∆ n ×∆ m is
which has the standard T n+m+2 -action of the componentwise complex multiplication. Let λ be a characteristic function corresponding to M a,b , and let K a,b be the image of the homomorphism µ :
Then the action of the two-torus
) is free because of the non-singularity condition (2.1) of λ. Moreover, this action is exactly equal to the ker(λ)-action on Z ∆ n ×∆ m , where a homomorphism λ is defined on page 5, and the quasitoric manifold M a,b is the orbit space Z ∆ n ×∆ m /K a,b with the action of T n+m defined by
See [CMS10a] for more details. In other words, the subtorus K a,b ⊂ T n+m+2 is represented by the unimodular subgroup of Z n+m+2 spanned by the two vectors (1, . . . , 1, a 1 , . . . , a m , 0) and (b 1 , . . . , b n , 0, 1, . . . , 1). Note that these two vectors generate the null space of the matrix
which is obtained from Λ in (3.1) by changing the ordering of facets of ∆ n × ∆ m :
Quasitoric manifolds equivalent to a generalized Bott manifold
Recall that the cohomological rigidity problem asks whether two quasitoric manifolds are homeomorphic if their cohomology rings are isomorphic. As an intermediate step toward the answer to the question for quasitoric manifolds homeomorphic to generalized Bott manifolds, we can ask the following question: is a quasitoric manifold over a product of simplices equivalent (or homeomorphic) to a generalized Bott manifold if its cohomology ring is isomorphic to that of a generalized Bott manifold? When the orbit space is ∆ 1 × ∆ 1 , then the answer is affirmative by [CS09] . Assume that a two-stage generalized Bott manifold is a CP m -bundle over CP n . In this section we answer to this question for m > 1 case. For the case of m = 1, we will show in the next section that if a quasitoric manifold M has the cohomology ring of the type (3.3), then M is homeomorphic (but not necessarily equivalent) to a generalized Bott manifold. Proof. From (3.3), the cohomology ring of B 2 can be given by
and from (3.2), the cohomology ring of M can be given by
(c j y 1 + y 2 ) . We consider three cases (1) n < m, (2) n = m, and (3) 1 < m < n separately.
CASE 1: n < m Sinceφ(I) = J and m > n, we have
where α is an integer. Then the set of prime divisors of x n+1 1 is mapped byφ to the set of prime divisors of αy 1 n i=1 (y 1 + d i y 2 ). Since x 1 is the only prime divisor of x n+1 1 , we must have α = 0 and d i = 0 for all i, which prove the proposition in this case.
CASE 2: n = m Sinceφ(I) = J and n = m, we have
(ii) If α ′ is zero, then the similar argument shows that α = 0 and d i = 0 for all i, which prove the proposition.
(iii) Now assume that neither α nor α ′ is zero. Pluggingφ(x 1 ) = g 11 y 1 + g 12 y 2 into (4.2), we have
Then we can see that α = g as polynomials. Plug y 1 = y 2 = 1 and y 1 = 1, y 2 = −1 into (4.4) to get the following system of equations for some 1 ≤ r, s ≤ n. From (4.7), we have g 11 = 0 or g 11 = 2g 12 . If g 11 = 0, then (4.
CASE 3: 1 < m < n Since n > m, we have
for some nonzero integer α. Pluggingφ(x i ) = g i1 y 1 + g i2 y 2 into (4.8), we have on both sides of (4.10), we have g 21 m j=1 (a j g 11 + g 21 ) = 0. If g 21 = 0, then det(G) = g 11 g 22 = ±1, and hence g 11 = ±1. If a j g 11 +g 21 = 0 for some 1 ≤ j ≤ m, then det(G) = g 11 g 22 − g 12 g 21 = g 11 (g 22 + a j g 12 ) = ±1. Hence g 11 = ±1, too.
As in case 2, it is enough to show that d i c j = 0 for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. Suppose otherwise, i.e. d i 0 c j 0 = 2 as before.
(i) Suppose c j 0 = 2. Then d i 0 = 1, and c j = 0 or 2 for all 1 ≤ j ≤ m and d i = 0 or 1 for all 1 ≤ i ≤ n. Let s be the number of c j 's equal to 2.
(i-1) First consider the case 0 < s < m. In this case we may assume c 1 = 2 and c m = 0 for simplicity. Sinceφ(x n+1 1 ) ∈ J , we have
where α is an integer and f (y 1 , y 2 ) is a homogeneous polynomial of degree n − m. Pluggingφ(x 1 ) = g 11 y 1 + g 12 y 2 into (4.11), we have (ii) Suppose c j 0 = 1. Then d i 0 = 2. As before let r be the number of c j 's equal to 1.
(ii-1) First consider the case when 0 < r < m. In this case we may assume that c 1 = 1 and c m = 0. By the same argument as above, (4.13) and (4.14) also hold. Since g 11 = ±1, we have (n + 1)g 12 = g 11 (d 1 + · · · + d n ) = 2g 11 s, where s is the number of d i 's equal to 2, and 0 < s ≤ n. This equality holds if and only if
, and n is odd. By plugging y 1 = 1 and y 2 = −1 into (4.13), we have 0 = g n+1 11 n i=1 (1 − d i ) which is a contradiction. This shows that 0 < r < m is impossible.
(ii-2) Now suppose r = m, i.e., c 1 = · · · = c m = 1. Then by the ring isomorphism given by ψ(y 1 ) = −Y 1 and ψ(y 2 ) = Y 1 + Y 2 , H * (M) is isomorphic to the ring
which is the case when r = 1. By the previous argument, this case also induces a contradiction. We thus have proved that d i c j = 0 for all 1 ≤ i ≤ n, 1 ≤ j ≤ m, which proves the proposition.
Quasitoric manifolds over
In this section, we restrict our attention to the case where the orbit space is ∆ n × ∆ 1 . Let M be a quasitoric manifold over ∆ n × ∆ 1 . As in Section 3, we order the facets of ∆ n × ∆ 1 as follows:
where F i 's are facets of ∆ n and G i are facets of ∆ 1 . Up to equivalence of quasitoric manifolds we may assume that the characteristic function λ on the ordered facets gives the following (n + 1) × (n + 3) matrix
Moreover, by the non-singularity condition (2.1), we have ab i = 0 or 2 for i = 1, . . . , n.
We first consider the case ab i = 0 for all i = 1, . . . , n. Then a = 0 or (b 1 , . . . , b n ) is a zero vector. Then M a,b is equivalent to a generalized Bott manifold by Proposition 3.2. More precisely, M a,0 = P (C ⊕ γ ⊗a ) → CP n , and
In this case, M a,b is a projective toric manifold. Here, we classify all projective toric manifolds over ∆ n × ∆ 1 smoothly.
Proposition 5.2. Let n be a positive integer greater than 1.
(1) Let M a,0 denote the two-stage generalized Bott manifold
where where 
. By Theorem 3.3, M a,0 and M a ′ ,0 are diffeomorphic if and only if there exist ǫ = ±1 and w ∈ Z such that
. Hence, we have ǫ(a + 2w) = a ′ and w(a + w)x 2 1 = 0. Since n > 1,
. Therefore w(a + w) = 0, hence w is either 0 or −a. In any case, we obtain a ′ = ±a. ( 
. Now, we consider the case ab i = 2 for some i. In this case, M a,b cannot be equivalent to a generalized Bott manifold. However, as we will see later, they can be homeomorphic to generalized Bott manifolds. Note that, by Remark 2.1, we may assume that a and the nonzero b i 's have the positive sign. If ab i = 2 for some i = 1, . . . , n, then a must be either 1 or 2.
Let s be the number of the nonzero b i 's. Then, by (3.2), we have
where ab = 2. Here, we classify all quasitoric manifold which are not equivalent to projective toric manifolds over ∆ n × ∆ 1 topologically. To do this, we prepare two lemmas.
Proof. Let N be a quasitoric manifold over an (n + 1)-dimensional polytope P with the characteristic function λ. Let F 1 , . . . , F n+1 be the facets of P meeting at a vertex q of P . Then from the non-singularity condition (2.1) we have det(λ(F 1 ), . . . , λ(F n+1 )) = ±1.
Let vc(P ) be the vertex cut of P about the vertex q of P , and let G be the new facet of vc(P ) obtained from the vertex cut. Let F 1 , . . . , F n+1 still denote the facets surrounding the facet G as in Figure 1 . If we extend the characteristic function λ to the facets of vc(P ), then the corresponding quasitoric manifold over vc(P ) is a connected sum of N with CP n+1 or CP n+1 . Figure 1 . The vertex cut of a polytope P Recall the ordering (5.1) of the facets of ∆ n × ∆ 1 . Since ∆ n × ∆ 1 can be viewed as a vertex cut of ∆ n+1 , the condition
implies that the characteristic function λ can be considered as the one extended from a characteristic function on ∆ n+1 . Therefore M 1,b is homeomorphic to either CP n+1 #CP n+1 or CP n+1 #CP n+1 .
As we have seen in Remark 3.4, the moment angle manifold Z ∆ n ×∆ 1 is
and the subtorus ker(λ) ⊂ T n+3 is represented by the unimodular subgroup of Z n+3 spanned by (1, . . . , 1, a, 0) and (b 1 , . . . , b n , 0, 1, 1). In this section, we denote the subtorus ker(λ) by K a,b . Assume that we have two quasitoric manifolds M a,b and M a ′ ,b ′ . If there is a θ-equivariant homeomorphism ϕ from Z ∆ n ×∆ 1 with the action of the subgroup K a,b ⊂ T n+3 to Z ∆ n ×∆ 1 with the action of the subgroup . Then, by (3.5), there are isomorphisms µ :
2 ) and a map ϕ :
Let us check that ϕ is θ-equivariant;
because ab = 2. Hence ϕ is a θ-equivariant homeomorphism which induces a home-
If n is even, CP n+1 has an orientation-reversing self-homeomorphism. Thus CP n+1 #CP n+1 is homeomorphic to CP n+1 #CP n+1 . So each M 1,b is homeomorphic to M 1,0 . If n is odd, then we have
We note that H * (M 1,0 ) and H * (M 1,(2,0,...,0) ) are not isomorphic as graded rings. (1, 0, . . . , 0). Then, by (3.5), there are isomorphisms µ :
, and
If s is even, we define an isomorphism θ :
This map is well-defined because (z 1 w k−1 + z 2 w k , −z 2 w k−1 + z 1 w k ) comes from the multiplication of quaternion numbers z 1 + z 2 j and w k−1 + w k j for even k with 2 ≤ k ≤ s. Then this map ϕ is θ-equivariant because
Hence ϕ induces a homeomorphism ϕ :
If s is odd, we define an isomorphism θ :
. . . , −z 2 w s−1 + z 1 w s , w s+1 , . . . , w n+1 , z 1 , z 2 ).
Then this map ϕ is also θ-equivariant because
Hence ϕ induces a homeomorphism ϕ : M 2,b → M 2,b ′′ . Now, we are ready to prove the following topological classification of quasitoric manifolds over ∆ n × ∆ 1 which are not projective toric manifolds.
Theorem 5.5. Let n > 1, b = (b, . . . , b, 0, . . . , 0) ∈ Z n , and ab = 2. Then the homeomorphism classes of quasitoric manifolds M a,b are represented by the following.
(1) M 1,0 and M 2,0 , if n is even, or (2) M 1,0 , M 2,0 , M 1,(2,0,...,0) and M 2,(1,0,...,0) , if n is odd. Furthermore, the cohomology ring of each class is distinct.
Proof. By Lemma 5.4, each quasitoric manifold over ∆ n × ∆ 1 is homeomorphic to one of them. Hence, it is enough to show the last statement.
We note that, by Proposition 5.2, the cohomology rings of M 1,0 and M 2,0 are distinct. Thus, it suffices to show that if n is odd and
(1,0,...,0) ). We denote M = M 1,(2,0,...,0) and N = M 2,(1,0,...,0) . Then
if n is odd and greater than 1. Since x 1 x 2 = −x 2 2 and x
does not vanish in H * (M), (cx 1 + dx 2 ) n+1 cannot be zero in H * (M) for odd n > 1. Similarly, we can see that
cannot be zero in H * (N) for odd n > 1. Since there is a linear element in H * (M a,0 ) whose (n + 1)-st power vanishes, neither can H * (M a,0 ) be isomorphic to H * (M) nor H * (N) for odd n > 1. We finally claim that H * (M) is not isomorphic to H * (N). Suppose that there is a grading preserving isomorphism In this section we prove Theorem 1.1 and Theorem 1.2 when n, m > 1. In doing so, we follow the same strategy as the one used in Section 5. Assume that we have two quasitoric manifolds M a,b and M a ′ ,b ′ . If there is a θ-equivariant homeomorphism ϕ from Z ∆ n ×∆ m with the subtorus K a,b ⊂ T n+m+2 action to Z ∆ n ×∆ m with the subtorus K a ′ ,b ′ ⊂ T n+m+2 action, where θ is an isomorphism from K a,b to K a ′ ,b ′ , then ϕ induces a homeomorphism
Lemma 6.1. Two quasitoric manifolds M s,r and M s ′ ,r ′ are homeomorphic if the two pairs (s, r) and (s ′ , r ′ ) satisfy s = s ′ or s + s ′ = m + 1, and r = r ′ or r + r ′ = n + 1, where s, s ′ ∈ Z m and r, r ′ ∈ Z n are vectors as in (6.1).
Proof. As we have seen in Remark 3.4, the moment angle manifold Z ∆ n ×∆ m is
and the subtorus K s,r in T n+m+2 is represented by the unimodular subgroup of Z n+m+2 spanned by ⌋, and r ′ = n + 1 − r. Then we have an isomorphism µ ′ :
= (w r+1 , . . . , w n+1 , w 1 , . . . , w r , z 1 , . . . , z s , z s+1 , . . . , z m+1 ).
Let us check that ϕ is θ-equivariant; ϕ(µ(t 1 , t 2 ) · (w, z)) = ϕ(t 1 t 2 w 1 , . . . , t 1 t 2 w r , t 1 w r+1 , . . . , t 1 w n+1 , t 2 1 t 2 z 1 , . . . , t 2 1 t 2 z s , t 2 z s+1 , . . . , t 2 z m+1 ) = (t 1 w r+1 , . . . , t 1 w n+1 , t 1 t 2 w 1 , . . . , t 1 t 2 w r ,
Hence ϕ induces a homeomorphism ϕ from M s,r to M s ′ ,r ′ .
We now consider the case when s ≤ ⌊ 
Thus ϕ is a θ-equivariant homeomorphism which induces a homeomorphism ϕ from M s,r to M s ′ ,r ′ .
Finally, we note that the case when r = n + 1 − r ′ and s = m + 1 − s ′ immediately follows from the composition of the above two cases.
Theorem 6.2. Let M s,r and M s ′ ,r ′ be quasitoric manifolds as defined above. Then the following are equivalent.
(1) s = s ′ or s + s ′ = m + 1, and r = r ′ or r + r ′ = n + 1. for some nonzero integer α. Comparing the multiplicities of the prime divisors of both sides of (6.2), we can easily see that s = s ′ or s = m + 1 − s ′ . Thusφ(x 2 ) is either ±y 2 or ±(2y 1 + y 2 ). Then we obtain the following four cases: when s = s ′ , φ (x 1 ) = ∓(y 1 + y 2 ) andφ(x 2 ) = ±y 2 , (i) φ(x 1 ) = ±y 1 andφ(x 2 ) = ±y 2 ,
and when s + s ′ = m + 1, φ (x 1 ) = ∓(y 1 + y 2 ) andφ(x 2 ) = ±(2y 1 + y 2 ), (iii) φ(x 1 ) = ∓y 1 andφ(x 2 ) = ±(2y 1 + y 2 ).
(iv)
One can check that the cases (i) and (iii) imply that r + r ′ = n + 1 and the cases (ii) and (iv) imply that r = r ′ , which proves the implication (2) ⇒ (1) in this case.
CASE 2: n < m This case is quite analogous to the case 1. So we can skip the proof.
CASE 3: n = m Sinceφ(I) = J , we havē φ(x We first show that α ′ = 0. Plug y 1 = 1 and y 2 = −1 into the equation (6.6) to get the equation 
